Studies based on ab initio density functional theory show that the modulated structures of BiO surfaces of cuprate Bi2212 superconductors are spontaneously formed and closely related to the reconstructions of BiO surfaces. The reconstructions of BiO layers occur both on the surface and in the bulk, accompanied with the formations of BiO-zigzag chains and Bi 2 O 2 quadrilaterals. The structural modulations of the BiO surface are along the b axis, perpendicular to the BiO-zigzag chains along the a axis. Our calculations provide a unified understanding of the formation of modulating structures in Bi2212. Another interesting result is that electronic structures of BiO surfaces are significantly influenced by the CuO 2 layer beneath because of the structural modulations and reconstructions.
Introduction
The copper oxide high-temperature superconductor Bi 2 Sr 2 CaCu 2 O 8+δ (Bi2212) has been studied extensively since its discovery [1] because its temperature of transition (T c ) to a superfluid is higher than the boiling point of liquid nitrogen (77 K). A significant structure characteristic of Bi2212 is the weak coupling between BiO layers. This makes it easy to produce clean BiO surfaces, so some surface techniques, such as photoemission and scanning tunneling microscopy ones, can be used to study superconducting properties. The observations using x-ray, neutron, and electron diffraction and scanning tunneling microscopy have found incommensurate modulations with length period 4.7b 0 -4.8b 0 (b 0 is the lattice constant along the b direction) [2] [3] [4] [5] , which generally change on introducing external impurities [6] . Early explanations of the incommensurate modulations were based on the analysis of x-ray diffractions and told us that the modulations along so-called one-dimensional BiO chains are created by the bridging zones along BiO chains or the extra oxygen atoms between nearest BiO chains [7] [8] [9] [10] [11] [12] . However some of observations claimed that the structural modulations were spontaneously formed, driven by the bond-length misfit between the BiO layer and the neighboring perovskite-like structure [13, 14] . The observations of scanning tunneling microscopy have provided new information on the modulations of BiO surfaces. One-dimensional S-like structures [15] or 'missing-row' structures [16] are found, but modulations over about five lattice periods are perpendicular to the direction of 'missing-row' or S-like structures. The S-like structures seem to be atom-dilute regions. It is unclear whether they are formed via a number of atoms being missing or via the splitting of BiO surfaces induced by large strains between the BiO surface and underlying atomic layers. The modulations of the BiO surface (found from STM experiments) and the modulations in the bulk have almost the same modulating period, 4.7b 0 -4.8b 0 , implying the same formation mechanism. To reconcile the explanations of different experimental techniques, deeper understanding of the incommensurate modulations is required [17] .
The ab initio density functional theory had been widely used to calculate the electronic structures and atomic structures of Bi2212 and other cuprate superconductors. The Fermi surfaces of optimally doped Bi2212 obtained in the calculations of the band structure of Bi2212 are in good consistency with ARPES spectrum [18] although some BiO pockets were not found experimentally in ARPES spectra. Theoretically, the effects of structural optimization [18] and interstitial oxygen doping [19] can remove or weaken these BiO pockets. Only a few calculations of ab initio density functional theory had reported results on the forming mechanism of modulation structures of Bi2212 [20, 21] . In one of these works [21] , the structural modulations of the BiO layer had been found by using a large simulation cell. At the current stage more theoretical calculations are needed to clarify the nature of the incommensurate modulation of Bi2212 and its relation to high-temperature superconductivity.
In this work, we study the mechanism forming the incommensurate modulations of Bi2212 on the basis of calculations using ab initio density functional theory. We find that the structural modulations along the b axis on the BiO surface are formed spontaneously, and are closely related to the reconstructions of BiO layers found both on the surface and in the bulk. The features of the electronic structure of the CuO 2 layer beneath appear on the BiO surface due to the structural modulations and reconstructions. The narrow conducting strip on the BiO surface in our calculations is very interesting because it connects to the electronic structure of the CuO 2 layer beneath.
Methods of the theory and simulation
The plane-wave basis is used to solve the Kohn-Sham equation in this work [22] . The interactions between ion cores and valence electrons are treated in the framework of the projectoraugmented-wave method [23, 22] . The exchange-correlation functional adopted in this work is based on the generalized gradient approximation (GGA) [24] . The initial structure is the averaged structure in orthorhombic symmetry with lattice constants a 0 ∼ b 0 = 5.4Å and c 0 = 30.9Å. The five atomic layers (two SrO layers, two CuO 2 layers and one Ca layer) sandwiching between two BiO layers form the so-called slab structure as the basic structure unit of Bi2212 crystal. Two such slab units stacking along c axis, with one translating by (a 0 /2)x + (b 0 /2)ŷ + (c 0 /2)ẑ related to the other, compose a complete unit cell of Bi2212 crystal. The initial structures with large simulation cells in the following section will be fully relaxed as regards the coordinates of atoms, volumes and shapes of supercells to reach the locally stable configurations. The local corrections of Coulomb-correlation effects of d electrons of Cu atoms are ignored in this work. The standard LDA approximation of density functional theory can produce the main figure for the Fermi surface of Bi2212 at the optimal doping level [18] . The energy cutoff of the plane waves is about 400 eV. The spin polarizations are included; however the atoms in our simulation cell have no magnetic moments after we have performed self-consistent calculations.
Modulations and reconstructions of BiO surfaces
As the first step, we optimize the basic slab structure with a total of 300 atoms by using the conjugate-gradient method. The sizes of the slab along a and b axes are 2a 0 and 5b 0 respectively. There is empty space about 12Å in size between two BiO surfaces under periodic boundary conditions along the c axis. When we optimize the structure of the slab, the point is used to sample the Brillouin zone in corresponding calculations of the electronic structure. The optimized structure is illustrated in figure 1(a) . We can find from this figure that all atomic layers are bent, with sinusoidal shapes. The amplitude of the sinusoidal wave of the Bi atoms along c is about 0.2Å which is smaller than the 0.4Å in the experimental model that was refined using the patterns of xray diffraction [2] . The sinusoidal modulated structure had been found in a previous report using the same methods [21] . In this work, the size along the a axis is larger than that in [21] , so we have new results to present. In figure 1(c) we plot the optimized structure of the BiO surface. The BiOzigzag chains of type B along the a direction are found in our calculations, and are similar to the bridging zone of BiO chains refined from the patterns of x-ray diffraction [7, 12] . The Bi 2 O 2 quadrilaterals in our calculations are aligned along the a direction. These Bi 2 O 2 quadrilaterals form a region of deformed rock-salt structure with dense distributions of Bi atoms and O atoms. The basic units of the BiO-zigzag chain and Bi 2 O 2 quadrilateral are the basic units of the BiO chain refined from the patterns of x-ray diffractions [7, 12] . It is obvious that the modulation is perpendicular to the BiO-zigzag chains. This is contrary to the early model, which claimed that the modulations are along BiO chains and are formed by inserting extra oxygen atoms in the space between these BiO chains [9] or by creating bridging zones along BiO chains [7] . In figures 1(a)-(c), we plot the spatially distributed LDOS (local density of states) with energies ±50 meV around the Fermi energy. We can see that BiO-zigzag chain B is in an insulating state and the Bi 2 O 2 quadrilaterals in column A are in a conducting state in the top BiO layer. The bottom BiO layer is in an insulating state. A narrow conducting strip forms in the almost insulating BiO surface. As we expect, the main conducting electrons are contributed by the CuO 2 planes. The apical oxygen atoms in the SrO layer near the Bi 2 O 2 quadrilaterals make few contributions to the conducting electrons. These apical oxygen atoms move along the c axis and closer to the BiO layer. Figure 1(b) shows an enlarged view of the squared area in figure 1(a) but viewing along a different direction. We can see that electron clouds of the BiO surface elongate parallel to the Cu-O bond in the CuO 2 layer although there is a SrO layer between them. The distribution of electronic densities around the Fermi energy in the BiO surface is very sensitively dependent on the local structure of the BiO surface because the column A has similar structure to column A; however there are no distributions of conducting electrons in column A .
In figure 2 we present the structures of the top and bottom BiO surfaces and the full density of valence electrons, so we can see how Bi atoms and O atoms form chemical bonds. The BiO-zigzag chains and Bi 2 O 2 quadrilaterals are also found in the bottom BiO surface. The difference is that the top BiO surface has two nearest-neighbor touching Bi 2 O 2 columns labeled A and A , and there is only one Bi 2 O 2 column, labeled C, in the bottom surface. The region A + A with dense distributions of Bi atoms and O atoms in the top surface has twice the width as compared with the dense region C in the bottom surface. Thus our results mean that the width of the dense region of Bi atoms and O atoms is essential for forming an electronic conducting channel. The insulating regions near BiO-zigzag chains labeled B and D have lower densities of Bi atoms and O atoms than regions A + A and C. Some typical distances in BiO surfaces are presented in figure 2 . The shortest Bi-Bi distance of initial non-relaxed structures is about 3.8Å. For the optimized structure, the Bi-Bi distances of the intraBiO-zigzag (inter-BiO-zigzag) chains and Bi 2 O 2 quadrilaterals are shorter (longer) than 3.8Å. Thus the dense regions and diluted regions for Bi atoms and O atoms form the structural modulations of BiO surfaces.
In order to illustrate the influence of structural optimization on the electronic structure of the BiO surface, we plot the densities of states of the top and bottom surfaces in figure 3 . Compared with the non-relaxed structure case, the density of states at the Fermi energy increases in column A, but for other regions of the BiO surface, it sharply decreases. For the density of states of Bi atoms in column A, the peaks at the Fermi energy are characterized by p z for the non-relaxed structures in figure 3(g) and by p x and p y for the relaxed structures in figure 3(a) , which are consistent with the results of LAPW + lo method (full-potential linearized augmented plane-wave plus local orbitals method) [18] . For the non-relaxed structure the p electrons of Bi atom form anti-bonding orbitals with the nearest O atoms (ppπ * bonds with O atoms on the BiO surface and ppσ * bonds with the apex O atoms in the SrO layer). For the relaxed structure, the peak at the Fermi energy represents the p electrons of the Bi atom forming ppσ bonds with the p electrons of the next-nearest-neighbor Bi atoms of different quadrilaterals in the BiO layer. From figure 1(b) we can see that the ppσ bond between Bi atoms in column A is parallel to the Cu-O bond in the CuO 2 layers. The p x and p y characters of the peak are closely related to the p orbitals of O atoms in the CuO 2 layer.
Column C in the bottom BiO layer has a similar structure to column A; there are two high peaks in the gap shown in figure 3(e), one peak above and very close to the Fermi energy and the other below the Fermi energy. It is plausible that the Fermi energy may pin at one of the two peaks through local structural modification. The columns B and D are insulating and there are no significant peaks in the gaps in figures 3(c) and (g), which is consistent with the results for the spatial LDOS in figure 1(a) . Thus our results have indicated that the reconstructions of the BiO surface induce the almost insulating BiO surface with a narrow conducting strip that is influenced by the electronic structures and geometric structures of the CuO 2 layer beneath, shown in figures 1(b) and (c). In our results, the one-dimensional conducting strips are on the BiO layers and the CuO 2 layers are made up of almost homogeneously conducting electrons; this is very different from the findings from the analysis of experiments: that there are one-dimensional conducting strips on CuO 2 layers [25] .
The experimental modulation period along the b direction is about 4.7b 0 -4.8b 0 , close to 5b 0 . Thus to reliably study the spontaneously modulated phenomenon, at least 10b 0 length along the b axis is needed. A slab of 300 atoms with size 1a 0 × 10b 0 on the a-b plane is used. Other features of the slab are the same as those of the 2a 0 × 5b 0 slab. A k-point 2 × 1 × 1 mesh and a mesh with only the points are used in the corresponding calculations of electronic structures. The relaxed structure obtained by using points shows most clearly the structural modulations in figure 4 . We can see a modulated structure along the b direction with the feature of 'missing-row' structures along the a direction, which is very similar to the observations from scanning tunneling microscopy [15, 16] . We should note that there are no missing Bi atoms or O atoms. The 'missing-row' structure is induced by the short BiO bond length compared with those for the bonds in the neighboring perovskite-like structure. The modulation period is about 3b 0 -4b 0 which is smaller than the ∼5b 0 in the model refined from x-ray studies and observed in STM experiments. The narrow size along the a direction results in no reconstructions being found in figures 1 and 2. Thus our calculations with points reproduce very well the STM observations, although with shorter modulation period. Additionally from figure 5, we found that the size of the slab along a shrinks to a smaller value of about 4.79Å and the size along b increases from 55 to 57Å; simultaneously the two CuO 2 planes tilt, with the angle 20
• . The tilting and elongation of the CuO 2 layer, which are very common for cuprate high-temperature superconductors, can induce the formation of conducting strips in CuO 2 layers [25, 26] . Experimentally, when CuO 2 planes tilt the superconductor becomes a semiconductor [27] , which is different from the findings of our calculations.
A larger slab including 600 atoms with size 2a 0 × 10b 0 on the a-b plane is also used in our simulations. Very complex patterns of reconstructions of BiO surfaces are found in our simulations. The 'missing rows' or S-like structures are not found in the larger slab. The tilting of CuO 2 planes and large changes of lattice constants along the a and b directions in figure 5 , which are necessary for forming 'missing rows', are not found in the simulations with the larger cell. The underlying reason may be that the corresponding relaxed or activated time for forming the 'missing row' is too long. 
The reconstructions of BiO layers in the bulk of Bi2212
The x-ray experiments provided evidence of the reconstructions and modulations of BiO layers in the bulk of Bi2212 [12] , just as in the surface BiO layers. The weak interactions between BiO layers make reconstructions of BiO layers easy compared with those in SrO and CuO 2 layers. In the following, we are going to investigate the reconstructions of internal BiO layers. We use two simulation cells with 240 atoms and 360 atoms, named Model-240 and Model-360 respectively. The sizes of Model-360 along the a and b directions are 2a 0 and 2b 0 , shown in figure 6(b0). The slab includes three slab units along the c direction, with a 15Å empty space above the BiO surface if periodic boundary conditions are considered. Model-240 has a similar simulation cell; the difference is that there are two slab units along the c axis shown in figure 6 (a0). The small size along a and b means that we focus on the reconstructions of the BiO layer and ignore the modulations of BiO layers, which requires that at least one side of the simulation cell is longer than 5b 0 . In the process of structural optimization, the point is used to sample the Brillouin zone in the corresponding electronic structure calculations. The more accurate electronic structures of the optimized structure are calculated using a 2 × 2 × 1 k-point mesh.
The optimized structures are shown in figure 6(a1) for Model-240 and figure 6(b1) for Model-360. The six BiO layers in figure 6(b1) Figure 6 presents the spatial LDOS of the non-relaxed structures ((a0), (b0)) and relaxed structures ((a1), (b1)) with energies around the Fermi energy, about ±50 meV. The spatially distributed LDOS of the BiO surface of non-relaxed Model-240 in figure 6(a0) is very small compared with that of non-relaxed Model-360 in figure 6(b0) . However in the bulk, the LDOS of BiO layers are large for both non-relaxed models. For the relaxed and optimized structures of the two models, the spatially distributed LDOS of the BiO layers in the bulks are remarkably reduced to small values, as shown in figures 6(a1) and (b1). However the LDOS of the top BiO layers of both Model-240 and Model-360 increase upon structural relaxation. Like in figure 1 for the single-slab model, the ppσ bonds between next-nearest-neighbor Bi atoms in the top surfaces are all parallel to Cu-O bonds for both models. It is well known that a BiO layer is metallic in the nonrelaxed structure of Bi2212 in the calculations of density functional theory with LDA or GGA corrections to the exchange-correlation functional. The main contributions of BiO layers to the DOS at the Fermi energy come from the small Figure 7 . The electronic densities of six BiO layers in the relaxed structure of figure 6(b1) with 360 atoms (top view). As in figure 2 , the iso-surfaces are plotted using the full densities of valence electrons with iso-value 0.02 (1Å −3 ). pockets of Fermi surfaces nearM point with the wavevector along the Cu-O bonds [18] . This means that there is lattice instability induced by the nesting properties of the Fermi surface near theM point, similar to the Peierls instability. The reconstructions of the A, B and C layers in figure 7 are created by this mechanism. We find that the B and C layers in the bulk become insulating or semiconducting as a result of a mechanism similar to the Peierls mechanism, but the reconstructions of the D, E and F layers are driven by a different nesting vector. For examples the nesting vectors driving the reconstructions of A, B, C layers and F layer in figure 7 are q A = q B = q C = √ 2(1, 1, 0) and q F = (0, 1, 0) (with unit 2π/a) respectively. The top A layer with a similar reconstruction to the B and C layers is still metallic, although the charge distribution is very different from that of the nonrelaxed structure. The residual metallic states in the top A and bottom F layers are correlated with the global distribution of the electronic density and sensitively dependent on the local environments of the BiO layers and thicknesses of the slabs. The metallic properties of the D and E layers become weak upon structural relaxations; however there are still residual metallic states. The reconstructions of BiO layers can lead to inhomogeneously distributed densities of carriers in the bulk and on the surface of Bi2212. The mirror effects of the periodic boundary condition along the c axis are small because the results exhibit small changes when the thicknesses of the vacuum layers are increased. The inhomogeneous modulation of the charge distribution had been found in the x-ray observation; this was related to the nanometer charge distribution observed in STM experiments [17] . The contributions of BiO layers to the density of states at the Fermi surface will be further reduced if the modulations of BiO layers are produced at a larger length scale, just as presented in section 3.
Discussion and conclusion
The local densities of states (LDOS) of different atomic layers of Bi2212 are systemically calculated in this work. The LDOS g(r ) of the surface layer can be obtained by measuring the differential conductance dI /dV ∼ g(r ) at position r using the STM/STS technique. And the spatial LDOS map of the surface can be obtained by scanning the surface at fixed bias voltage [29] . Generally, the BiO surface is considered as semiconducting and makes no contribution to the density of states near the Fermi energy. This means that the top BiO surface makes no contribution to the LDOS map of the BiO surface at low bias voltage. Only at high bias voltage does the main contribution to the LDOS map come from the BiO surface. The STM/STS experiments found a modulating pattern in the LDOS map of the BiO surface at low bias voltage which has the same orientation as the CuO 2 layer beneath, with a 45
• axis relative to the Bi-O bonds. The patterns in the LDOS maps have been explained as traces of charge modulations of the CuO 2 layer beneath [30, 31] . Since the cleavage plane of Bi2212 is the BiO plane and the STM tip directly scans the BiO surface, the influence of the BiO surface on LDOS map cannot be ignored even at low bias voltage. Our results show that some characteristics of the electronic and atomic structures of the CuO 2 layer beneath emerge in the BiO surface by structural reconstruction and modulation. The surface BiO layer can be metallic and the BiO layers in the bulk are insulating or semiconducting. The emerging Bi-Bi ppσ conducting bonds in figures 1 and 8 are parallel to the Cu-O bonds beneath. The conducting strip on the BiO surface composed of Bi-Bi ppσ bonds may contribute to the LDOS map of the BiO layer at low bias voltage. Thus the pattern of the LDOS map at low bias is probably not solely contributed by the CuO 2 layers beneath. In fact, the conducting strip in figure 1 will obscure the pattern because it is along the a axis with a 45
• angle relative to the Cu-O bonds. From figure 8 , the reconstruction of the top surface BiO layer (A) in Model-360 will form a charge modulation coinciding with the CuO 2 layer and enhance the LDOS map in STM/STS experiments at low bias voltage.
In summary, we have studied the formations of incommensurate modulations of the copper oxide hightemperature superconductor Bi2212 on the basis of ab initio density functional calculations. The formations of structural modulations are closely related to the reconstructions of the BiO surface by forming BiO-zigzag chains and Bi 2 O 2 quadrilaterals along the a axis. The direction of modulation is along the b axis perpendicular to the BiO-zigzag chains. The modulation period is about 3b 0 -4b 0 which is shorter than the 4.7b 0 -4.8b 0 in the model refined and observed in experiments. The structural modulations are spontaneously formed not only in the BiO layer but also in the SrO and CuO 2 layers. Our simulations reconcile the observations using STM and x-ray diffraction, and provide a universal description for the formation of modulated structure of the BiO layer and surface.
